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VAN DER WAALS RADII FROM KNOWN CRYSTAL STRUCTURES

Table 1. Results of calculations for selenium

Van der Waals diameter in A from:

Molecular

Temperature Internal pressure Lattice strain

Phase °K X y z energy energy
Seleni 300 396 3-99 4-00 4-04 367
g-sSelenium 0 3-92 394 396 3-99 3:63
p-Selenium 300 3.95 391 3-99 4-00 3-57
0 392 3-89 391 395 3-56
Hexagonal 300 3.78 377 374 3.82 3-49
o 0 3-68 368 3-65 373 3-41

selenium
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Discrepancy Factors for Use in Crystal Structure Analysis*
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Theoretical expressions for two types of discrepancy factors have been obtained for crystals containing
both heavy and light atoms in the unit cell. One of the discrepancy factors is defined in terms of the
structure amplitude and is called the Booth’s reliability index (Rj). The other discrepancy factor (denoted
by R,) is based on intensities. While the expressions for R, can be used for crystals of any space group
and for crystals containing any number and type of atoms in the unit cell, those for Rz can be used
only for crystals in the triclinic and a few monoclinic space groups.

1. Introduction

In this paper we shall obtain theoretical expressions
for the discrepancy factors Rz and R, [suggested by
Booth (1945) and Wilson (1969) respectively] for crystals
containing both heavy and light atoms in the unit cell.
In the standard notation, these reliability indices can
be defined as

Re=> (| = IFdy/ 2, IFP )
Ry=2 (= 1)2. T; @

The interest in Rp lies in the fact that it is closely
related to the quantity being minimized in the usual
least-squares method (Buerger, 1967). The theoretical
expressions for R, can be obtained under more general
conditions than for any other R indices (Wilson, 1969).

* Contribution No. 342 from the Centre of Advanced Study
in Physics, University of Madras, Madras, India.

Owing to the difficulties in the theory, we shall obtain
different expressions for the R indices which are ap-
plicable under different circumstances.

When the atoms in the model structuref are com-
pletely correct we shall call it the related case and when
all the atoms in the model are completely wrong we
shall call it the wuwmrelated case. When the model
consists of some completely wrong atoms and the rest
completely correct, we shall call it the semi-related
case. When the coordinates of all the atoms in the
model suffer finite errors, we shall call it the imperfectly
related case. For simplicity of notation, we shall use
R, UR, SR and IR to denote the related, unrelated,
semi-related and imperfectly related cases respectively.
It is obvious that the R and UR cases are limiting
cases of the /R case. We can also think of the R and
UR cases as limiting cases of the SR case.

+ The model structure need not include all the atoms in the
unit cell.
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2. Derivation of the theoretical expressicns
for the R, index

(a) SR case when there are no errors in the intensity
data

Consider a crystal (of any space group) containing
N atoms in the unit cell. Let the known part consist
of P atoms and let Q(=N— P) be the number of un-
known atoms. Of the P atoms that constitute the model
structure, we shall assume that there are a few wrongly
placed atoms (say, Pw in number), so that the number
of correctly placed atoms in the model will be P—
Pw(=Pr, say). With this notation we can write for a
given reflexion that

FN=FP+FQ (3)
F;=FPr+FPw' (4)

We can now rewrite (2) as
9= (Fnl> = F5»*[KIFNI®) )

where the superscript o is used to denote that there are
no errors in the observed intensities.* We can simplify
(5) to obtain

=1+ [IFI) = 2UFNPIFEIDIKIFN) - (6)

In order to simplify (6) we must first obtain an expres-
sion for the expectation value of |Fy|?|F¢|? and this
calculation is given in Appendix 4. Making use of
(A7) in (6) we obtain

s=1+ [<IF;I4>_2{<IFPr|4>+ <IFPr|2> {<|pr]2>
+ I Fl D} + I Fpul®) IFNPDNKIEN® - (7)

For further simplification it is convenient to introduce
the normalized intensity variables
| Fpl?

|F3l? |Fnl?
S, ZyS oo, Zp= - . 8
EFY = QREy TR - ©
It is also convenient to make use of the fractional con-

tribution to the local mean intensity from the various
groups of atoms and these are defined below

zg=

LR _GFD (IR
A=UED IR RS O
2 <IFPr|22 2 (IFPWIZ> — <IFP'r|2>
=R TR a0
It is obvious that
O'%-FU%:]., 0%w+0'§,=0'i. (11)

Making use of equations (8) to (11) we can rewrite (7) as
RS =1+[01(z§") —2{01<2},) + o1 (01w + 03)

+olu iz . (12)

* Unless stated explicitly, it will be assumed in general that
the errors of observation in the intensity data are negligible.
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Equation (12) holds good when the P group contains
any number and any type of atoms. The case when the
P group consists of heavy atoms in the unit cell is im-
portant in connexion with the heavy atom method and
in this case equation (12) takes a simpler form as
shown below.

(i) Related case. If the heavy atoms were correctly
located, we would have 6%,=0, 62, =06? and zp,=z5
so that (12) reduces to

Ry =1-[01(z§") +20103]/<zR) - (13)

(ii) Unrelated case. If the heavy atom locations were
completely wrong, we would have ¢%,=0, ¢2,,=062 and
Zpy=2% so that (12) reduces to

§=1+4[0Kz5") —201)K2) - (14)

Making use of the values of the higher moments of
{z§*) and (z%) (Parthasarathy, 1966) it is easy to obtain
the expressions for R} for the cases P=2 and many,
and they are summarized in Table 1 for convenience.
The graph of RS vs. 62 is also shown in Figs. 1 and 2 for
the centrosymmetric and non-centrosymmetric cases
respectively.

Table 1. Final expressions for the RS index for the
related and unrelated cases, where there are no errors in
the intensity data.

Number
of
P atoms R case UR case
I. Centrosymmetric crystal
, oiB+ad) 3-20}
(1-af) 31-a})
2 2
M {— oHoi+2) 1+ 0}(362—2)
3 3
II. Non-centrosymmetric crystal
(1-ot+a})
i - 2
(—ob) -0
4 4
(1-a}) (1—0}+20})
Mc (1+ab) T +ed)
2 2
MA 1-a2 1-oi02

(b) SR case when there are random errors in the inten-
sity data

Let I, be the observed intensity for the reflexion H.
Let I§ be the calculated intensity for the reflexion H
for the model structure which is assumed to consist of
Pr correct atoms and Pw entirely misplaced atoms.
Let ¢ be the error in the observed intensity of the
reflexion H and let J be the difference between the true
(i.e. error-free) intensity of the reflexion and the inten-
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sity due to the atoms in the model structure. That is

e=I,—Iyand d=Iy—I§ (15)
where
Iy=|Fy|* and Ig=|F§|*. (16)
Making use of (15), (2) can be written as
Ry=LL,~1)/K13)
={(e+)/[{Un+e)*). an

We shall assume that the errors in the intensity are
normally distributed with parameters (0, ¢,) and that
there is no correlation between the error and the inten-
sity (see Wilson, 1969). Since ¢ arises from inaccuracy
in the data and ¢ from that in the model, we can treat
¢ and ¢ as independent random variables. Equation
(17) therefore leads to

Ry=[a;+ K7 +07] - (18)
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Fig.1. The variation of the R} index as a function of the frac-
tional heavy-atom contribution ¢? for the centrosymmetric
crystal. The solid lines are for the related case while the
dotted lines are for the unrelated case. The symbols 2 and
M near the curves denote the number of P atoms in the
unit cell.
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Fig. 2. The variation of the R} index as a function of o2 for
the non-centrosymmetric crystal.

Making use of (5), we can rewrite (18) as
2

a2 G
R =[ °+—‘——]/[1+——‘—] 19
e el M ey @]
where R stands for the reliability index when there are
no errors in the intensity data, viz. that given by (12).

(¢) IR case when there are random errors in the inten-
sity data

Consider a crystal belonging to the triclinic system.
Let the model structure consist of a large number of
atoms in the P group with similar scattering power, so
that F§ obeys Wilson’s (1949) distribution. Let Arj be
the error in the coordinates of the atom j(j=1,2,...P)
of the model structure. It is clear that (18) holds good
in this case also. In order to simplify (18) to obtain
a convenient expression for the R, index we must first
obtain a suitable expression for {¢*) and this can be
done as follows: From (15) we obtain

0% =)+ UF)—2Inl) . (20)
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Since Fy=Fp+ F, we can write
INIEY={Up+Iq+2Y(plo) tp,0)5) =<1Iplf)
I KI5y . (21

Making use of (21) in (20) and further employing the
normalized intensity variables we can rewrite (18) as

R, = [K2i) +0i(zs") — 20105 — 201(zp25) + 5/CIn)’]
: 2§y +(0KIn)?) '

(22)

It is known that {zyz§) has values 1+2D? and 1+ D?
for the centrosymmetric and non-centrosymmetric
crystals respectively (Parthasarathy & Srinivasan,
1967). The quantity D is defined (Luzzati, 1952) by

D=<COS 27TH . Al'j>p .

It may be noted here that D is a measure of the r.m.s.
error in the coordinates of the atoms in the P group.
It is also well known that

(zﬁ)=<z§,2)=1 3 for space group P1

| 2 for space group P1 23)
N
(yy= > f3=2Z, say. (24
J=1
Making use of these results in (22) we obtain
3+oi—20%0i—40iD*+(c%/2?) for PT (25)
3+(022/)
R,=
2 1 — 22 4D2 2 2‘2
(1—oioi—01D?*) +(07/2?) for Pl . (26)
2+(c%/2?)
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3. Derivation of theoretical expressions for the Rp index

(@) Related and unrelated cases

In this section, we shall consider a crystal belonging
to the triclinic system with P heavy atoms of similar
scattering power in the unit cell. Making use of the
normalized structure amplitude variables, (1) can be
rewritten as

Rg=1+01—20,{yny$) - @7
In the R case* yy and y§ are dependent random vari-
ables while in the UR case they are independent.
Hence we have

{yn;y8) yEP(yf)dys  forthe R case

{ynyEy= SYIC’ (28)
ywy V8 (29)

In (28), {(wn;yEy is the conditional expectation of yy
for a given yg. It is clear from (27) and (28) that the
value of R% depends on the number of P atoms and we
shall consider here two cases, P=2 and many. The
expressions for {yyygy for these cases are worked out
in Appendix B. Making use of (87), (B9), (B11), (B12)
and (B14) in (27) we can obtain the final expressions
for Rj for the R case. The expressions for Rg for the
UR case can easily be obtained by making use of the
expression for {yy) as obtained by Parthasarathy
(1966). These results are summarized in Table 2 for
convenience. The graph of Rg vs. ¢ is shown in Figs. 3
and 4 for the centrosymmetric and non-centrosym-
metric cases respectively.

for the UR case.

* For the R case y§ tends to yp.

Table 2. Final expressions for the R} index for the related and unrelated cases, when there are no errors in the
intensity data

Number
of
P atoms R case UR case
I. Centrosymmetric crystal
8010 8 r2 r2
2 a= — 2Fa—41:1.3-12) a mexx)( 7) [10 (—2‘)+0'111(2)]
M a— 4 ailo2+ o1 sin~1(o1)] a— ﬂ)
n 7
II. Non-centrosymmetric central
2 2)2
2 a—4%(1+30? erf(VZr)—‘/% o102 exp (—2r2) a— Y 01022F2(—%,%; 1,15 —2r2)
2
McC a—yQac?) a— % Y(actE ‘/(T"%)
2
M4 a—2a, [E(al) — K(al)] .

Where a=(1+0%) and r=01/02

ACZI8A -5
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(b) IR case when there are no errors in the intensity data
We shall consider the case when P=many, so that
F§ satisfies Wilson’s distribution. It is clear that equa-
tion (27) holds good in this case also. Making use of
the results in equations (A413) and (A419) of Parthasa-
rathy & Srinivasan (1967) and following the method
outlined in Appendix B, it is possible to show that

[g+0,sin~t(c,)] forC 30)

(ywys)= o2
E(o)— —2?’ k(o) for NC 3D
where o,=0,D and oz=)(1—0%). (32)

Making use of (30) and (31) in (27) we obtain

1+a§—%[03+0,,sin‘1(0,4)] for C  (33)
RE= 2
) 1+02—20, [E(JA)——%Bk(aA)] for NC. (34)

It is easily seen that equations in the rows (2) and (5)
of Table 2 follow from (33) and (34) as particular
cases if we put D=1 and 0 (j.e. R and UR cases)
respectively.

4. Discussion of the theoretical results

It is easy to show that equations (16) and (37) of
Wilson (1969) follow from (12) as particular cases. The
expressions (12), (13), (14) and (19) hold good for any
space group while (25) and (26) hold good only for
triclinic space groups. For a numerical evaluation of
the R, index from these expressions we must first
evaluate the second-order moments of the normalized
intensity variables. These moments actually depend on
the space group symmetry of the crystal and by making
use of the results of Foster & Hargreaves (19634, b) it
is possible to evaluate these moments for crystals
belonging to the triclinic, monoclinic and orthorhombic
systems. For the theoretical evaluation of the R, index
from (19) we must of course know the standard devia-
tion of the errors in the measurement of the intensity
data. Equations (25) and (26) hold good for space
groups P1 and P1 respectively and can be applied only
to models which satisfy Wilson statistics. Making use
of equations (25) and (26) [(33) and (34)] and the
experimental value of the R, index (Rg index) it is
possible to obtain the value of D for any given model
structure. From the value of D thus obtained it is
possible to estimate the r.m.s. error {|4rj|>>}? in the
coordinates of the atoms in the model. Since the
procedure for obtaining the r.m.s. error in the coor-
dinates of the P atoms from the value of D has already
been described by Srikrishnan and Srinivasan (1968),
we shall not describe it here.

One of the authors (V.P.) thanks the University
Grants Commission, India, for financial support.
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APPENDIX A4
Simplification of {|Fx[*|F5|%)

Here |Fy| and |F§| are correlated random variables.
To obtain a suitable expression for the expectation
value of |Fy|?|F§|? it is convenient to think of the
P group in the actual crystal structure as made up of
two groups of atoms, viz. (i) the Pr atoms of the model
structure and (ii) the rest of the atoms in the P group
(of the crystal structure) which we shall call the P'r
atoms. We can write

FP=FPr+FP'r .

Making use of (4), (5) and (A1) we obtain
<|FNIZIFIL;|2>=<IFPr+FP’r+Fle IFPr+FPwlz>

={(|Fpel?+ | Fprl? + | Fol* + 2| Fpr| | Fprrlepr,prr

+2|Fpp| | Folepr,o + 2| Forl | Folepr,q)

X (lFPr|2+ [FPWIZ+2|FPr| lFPwIEPr.Pw)> .

A2)

Here ¢, ; stands for the cosine of the angle between the
structure factor F; and F; (of a given reflexion) if they
are complex or for the product of the signs of F; and
F; if they are real. Since all the quantities in the right-

hand side of (42) are independent random variables
it is obvious that

{&;,;y=01if i%j for all i,j=Pr,P'r,Q,Pw.

(41)

(43)
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Fig. 3. The variation of the Rg-index as a function of 62 for
the centrosymmetric crystal.
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It is also obvious that

&pr,p'1EPr,pw) =€, PrEpr,pw) = (80, prEpr,pw) =0 , (44)
since these are the products of the cosines of the angles
which Fp, makes with the independent structure factors
Fp., Fo and Fp,. Further since Fy=Fp,+ Fp,+Fy it
follows that

UFp?) + LU Fprnl) +L|Fol)=<IFnl?) . (45)

Since the number and nature of atoms in the P’r group
and Pw group are the same it follows that

<|FP’r|2>=<IFPwl2> . (A6)

Making use of (43) to (46) we can simplify (42) to
obtain

UFNPIFSIE) = | Ferl*> + I Fpel?) {<IFpul®) + < Fol?D}
+EN I Feul?> - (A7)
APPENDIX B
Derivation of expressions for {yyy?) for the related case

We know that (Parthasarathy, 1966)

n
L2‘0'2 1F1("‘1/2§ >
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wsyer=y ./, 25
.1 1
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Fig.4. The variation of the Rg-index as a function of &% for
the non-centrosymmetric crystal.
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where NC and C stand for non-centrosymmetric and
centrosymmetric crystals respectively. The probability
density function of y§ when P=2 and many are well
known and they are

V—z(l—yic/Z)“’z, 0<yg<)2 for,P=2
7
P(yp)= ) (B3)
V(ﬂ) exp (—y§/2), 0< yg<oofor P=MC.
(B4)

(@) Non-centrosymmetric crystal

Making use of (B3) and (B1) in (28) and then using the
substitution that y§* =2x we obtain the expression for
(yyy§) for the two-atom case as

) dx

(B5)

201

(y~y§>=%g:(l—x)’”ﬁﬂ( I

Making use of equation (16) on page 47 of Sneddon
(1961) in (B5) it is easy to show that

2a§).

{ynysr= V 0'2 1Fx( 353 7 (B6)

Making use of equations (2.2.1) on page 19 of Slater
(1960) and (11.iii) in page 46 of Sneddon (1961) and
the result that o2+ 63=1 we can simplify (B6) to give

N_ T2 (—20}) (1+30) | (VZ_G,)
<yNyP> 27 exXp 0’% + 4o o1 o, .

(B7)

Putting #=% in equation (A419) of Parthasarathy &
Srinivasan (1967) we can obtain the expression for
{ynyg) for the P=MA case as

<yNyP>""HJZ PACERHAR

Making use of equations 3(ii) on page 43 and equations
1(viii) and 1(ix) on page 42 of Sneddon (1961) we can
simplify (B8) to obtain

0.2
{ywyEy=E(0:) == k(o).
Making use of (B4) and (B1) in (28) and then using the

substitution that y§=x we can obtain an lexpression
for {yyyE) for the P=MC case:

(B8)

(B9)

{ynypy= 2_01/25 S:oxpn ( 15 ) exp —(x/2)dx.

(B10)

Making use of equations 17(i) on page 48 and (i) on
page 42 of Sneddon (1961) in (B10), we obtain

ywygy =l +a))/2]"2. (B11)



432

(b) Centrosymmetric crystal

Making use of (B2) and (B3) in (28) and then using
the substitution that y$*=2x we obtain for the two-
atom case

20, (! —o?
OnyEy="35 S (1-x)=12 1F1(—%;%; - x) dx
VA o g2

40 —a?
=§/§' 5 (—%,1;%,%; _ag_l)
where we have made use of equation (16) on page 47
of Sneddon (1961). Putting #=1 in equation (413) of
Parthasarathy & Srinivasan (1967) we obtain for the
many-atom case that

2
wyey=—Fi (=% -1 40D
Making use of equation (7.4) on page 24, equations

4(ii) on page 44 and 1(vii) on page 42 of Sneddon (1961)
we can simplify (B13) as

(B12)

(B13)

Oariy= 2lortorsint @], (B14)

Acta Cryst. (1972). A28, 432
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In obtaining (B 14) we have also made use of the result
that

tan~! (x)=sin"?! (

ya=)°
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The Molecular Packing of Solid II Cyclobutane by Means of Spectroscopic Data
and Potential Energy Calculations

By E.CasTELLUCCI, M. G. MIGLIORINI AND P, MANZELLI
Istituto di Chimica Fisica, Universita di Firenze, Via G. Capponi 9, 50121-Firenze,Italy

(Received 6 March 1972)

The molecular packing of solid TI cyclobutane has been calculated starting from the knowledge of the
site symmetry (point group D,) and of two possible symmetries of the primitive unit cell (D, and Dy,
factor group symmetry), derived from analysis of the infrared and Raman spectra. Crystal potential
energy has been calculated for 13 orthorhombic space groups using the packing program written by
Williams. The calculation was based on a pairwise potential of Buckingam type, widely tested on a
large number of hydrocarbon crystal structures and properties. The energy was calculated as a function
of the unit cell parameters (length of the cell edges), considering the molecules as rigid bodies and leaving
the crystal symmetry unchanged. The results show the packing corresponding to space group Ccca to
have the lowest calculated potential energy. The spectroscopic results allowed some changes to be made
in the previous assignment of the fundamental frequencies of cyclobutane and cyclobutane-ds.

Introduction

Several low temperature infrared and Raman studies
on molecular crystals have been carried out in recent
years with the aim of determining the crystal structure
when X-ray data were not available. In order to re-
strict the choice of the possible structures compatible
with the spectral data, simple closest-packing argu-
ments and, when available, the comparison between
calculated and observed density, have often been used.

A different approach to this problem concerns the
calculation of the structure using the structural in-

formation obtained from the analysis of the crystal
spectra. At any given temperature and pressure the
most stable structure is governed by the arrangement
of molecules that has the lowest free energy. Assum-
ing the zero point lattice energy to be comparable for
a number of possible close-packed structures, one can
reasonably assume that the most probable structure is
the one with the lowest calculated lattice energy.
Cyclobutane offers an attractive possibility for this
kind of investigation since: (i) the molecular geometry
has been widely investigated ; (ii) the molecule possesses
only C and H atoms; (iii) infrared spectra in polarized



